In this article, a classification of semiregular relative difference sets in non-abelian 2-groups containing a cyclic subgroup of index 2 is given. # 2002 Elsevier Science (USA)
INTRODUCTION
An ðm; u; k; lÞ relative difference set (RDS) in a group G relative to a subgroup U of order u and index m is a k-element subset R of G such that every element of g 2 G=U has exactly l representations g ¼ r 1 r À1 2 with r 1 ; r 2 2 R and no identity element of U has such a representation. The subgroup U is often called the forbidden subgroup. If k ¼ ul; then the RDS is called semiregular and its parameters are ðul; u; ul; lÞ:
If an abelian p-group contains a semiregular RDS, then its exponent is relatively low (see [3, 8, 9, 11, 12] ). However, this is not true for non-abelian p-groups. For each integer n53; the generalized quaternion group Q 2 n of order 2 n and exponent 2 nÀ1 has a ð2 nÀ1 ; 2; 2 nÀ1 ; 2 nÀ2 Þ RDS and for an odd prime p; the modular p-group M 3 ðpÞ of order p 3 and exponent p 2 has a ðp 2 ; p; p 2 ; pÞ RDS (see [5] ). In [5] semiregular RDSs in non-abelian 2-groups of maximal exponent with the condition that the forbidden subgroup is normal (see Result 2.3 in Section 2) were studied. The conclusion was that there are no semiregular RDSs in the groups except when G ¼ Q 2 n or M 4 ð2Þ: In the present article, the condition on normality of the forbidden subgroup is removed and the following is shown: Theorem 1.1. Let G be a non-abelian 2-group of order 2 nþ1 containing a cyclic subgroup of index 2. If G has a semiregular RDS R relative to a subgroup U; then one of the following occurs: 
We note that the forbidden subgroup U is not normal in (i), (iii), (v) and (vi). The process of checking these cases involves a computer search. We also note that case (i) was given in [1] .
PRELIMINARIES
In this article, only the semiregular RDSs R in non-abelian 2-groups G are considered. In this case, R is a complete set of coset representatives of G=U: If u ¼ 1; then R ¼ G and R is called a trivial semiregular RDS. Throughout non-trivial semiregular RDSs are considered.
Let R i be an RDS in G relative to a subgroup U i of G for i 2 f1; 2g: R 1 and R 2 are called equivalent, denoted by R 1 $ R 2 ; if and only if there exist an automorphism s of G and an element g of G such that R 1 ¼ sðR 2 Þg and
For a subset X of G; we set X À1 ¼ fx À1 j x 2 Xg: Throughout this article, we identify a subset X of G with a group ring element # X X ¼ P x2X x 2 C½G: The minimal integer m such that x m ¼ 1 for any element x of G is called the exponent of G; denoted by expðGÞ:
Some semiregular RDSs appearing in the next section correspond to ð4m 2 ; 2m 2 AE m; m 2 AE mÞ-difference sets. Difference sets with these parameters are called Hadamard difference sets. We need the following results.
Result 2.1 (Turyn [13] [7] ). Let G be a group of order 2 2aþ2 : Suppose G has a normal subgroup U of order 2 b where b5a: Then no
Semiregular RDSs in non-abelian p-groups containing a cyclic subgroup of index p were studied in [5] . When p ¼ 2; the result is as follows:
Result 2.3 (Elvira and Hiramine [5] ). Let G be a non-abelian 2-group with a cyclic subgroup of index 2. If G contains a non-trivial semiregular RDS R relative to a normal subgroup U; then either
The following fundamental result on characters is used frequently in this paper without reference.
Result 2.4 (Pott's book [10] ). Let G be an abelian group and A 2 C½G: If wðAÞ ¼ 0 for any non-principal character w of G: Then A ¼ kG for some k 2 C:
Let G be a non-abelian 2-group of order 2 n having a cyclic subgroup of index 2. Then G is isomorphic to D 2 n ; Q 2 n ; SD 2 n or M n ð2Þ (see [6, Theorem 5.4.4] ). In this section, we assume G is isomorphic to D 2 n or Q 2 n and contains a semiregular RDS, say R; relative to a subgroup U of G:
Lemma 3.1. Let X be a dihedral group of order 4s with generators x; y such that x 2s ¼ y 2 ¼ 1; yxy ¼ x À1 : Let A and B be subsets of hxi and set R ¼ A þ By: Then R is a ð2s; 2; 2s; sÞ-RDS in X relative to hyi if and only if
and A is an Hadamard difference set in hxi:
Proof. Suppose R is a ð2s; 2; 2s; sÞ-RDS in X relative to hyi:
Set a ¼ jAj and b ¼ jBj: Then, by (1) and (2) 
. Let w be a non-principal character of hxi and set a ¼ wðAÞ and b ¼ wðBÞ: By (1) and (2) 
2 ðX À hyiÞ: Thus the lemma holds. ]
The above lemma tells us that the conjecture on cyclic Hadamard difference sets is equivalent to the following: ''There is no ð2n; 2; 2n; nÞ RDS in the dihedral group of order 4n when n > 1:'' Lemma 3.2. Let G be a dihedral group of order 2 nþ1 with generators x; y such that x
Let R be a semiregular RDS in G relative to a subgroup U of G: Then n ¼ 2 and R is equivalent to the RDS f1; x; x 2 ; xyg relative to hyi:
Hence, we may assume that U ¼ hx
By Lemma 3.1, Z 2 nÀt contains an Hadamard difference set and by Lemma 2.1, we have n À t ¼ 2: Since n À 2t À 150; we have ðn; tÞ ¼ ð2; 0Þ or ð3; 1Þ:
Assume ðn; tÞ ¼ ð3; 1Þ: Then R is a ð4; 4; 4; 1Þ-RDS. Hence the forbidden subgroup U contains all involutions of G: This forces U ¼ G; a contradiction. Therefore ðn; tÞ ¼ ð2; 0Þ and R is a ð4; 2; 4; 2Þ-RDS in G ¼ hx; yi ' D 8 relative to U ¼ hyi ' Z 2 : We note that jx i hyi \ Rj ¼ 1 for any i 2 f0; 1; 2; 3g: As ðG=UÞ \ hxi ¼ fx;
with r 1 ; r 2 2 R represents each element of fx; x 2 ; x 3 g twice. It follows that fjR \ hxij; jR \ hxiyjg ¼ f1; 3g: As Ry is also a ð4; 2; 4; 2Þ-RDS, we may assume that jR \ hxij ¼ 3 and jR \ hxiyj ¼ 1: Hence we may assume that 1; x 2 R: Thus we have R ¼ f1; x; x 2 ; xyg or f1; x; x 3 ; x 2 yg: As f1; x; x 3 ; x 2 yg ¼ f1; x; x 2 ; xygx 3 ; the lemma holds. ] Case. Quaternion groups Q 2 nþ1 :
i be a generalized quaternion group of order 2 nþ1 : Let R be a semiregular RDS in G relative to a subgroup U of order 2 u > 2: Then n ¼ 3 and R is equivalent to the RDS f1; x; x 6 ; xyg relative to hyi ð' Z 4 Þ: In this section, we consider the case when G is isomorphic to the semidihedral group SD 2 nþ1 or the modular 2-group M nþ1 ð2Þ and that G contains a semiregular RDS relative to U: 
Up to equivalence we may assume that jAj ¼ 2
Proof. By computation,
On the other hand
Counting the coefficients of the identity element on both sides of (i),
By (5) and (6), ða þ dÞðb þ cÞ ¼ 2 2nÀ2 À 2 nÀ2 : This, together with (4), gives
nÀ1 AE 2 ðn=2ÞÀ1 g: Changing R for Ry if necessary we may assume that a þ d4b þ c: Hence
Similarly, by (5) and (7), ða þ cÞðb þ dÞ ¼ 2 2nÀ2 : By (4),
By (8) 
Substituting these into Lemma 4.1(i), we have (ii). Similarly we have
ÞH by Lemma 4.1(iv). Since zð1 þ zÞ ¼ 1 þ z; we have (iii).
One can easily verify that the converse of Lemma 4.2 is also true. ]
i be the modular 2-group of order 2 nþ1 : Let R be a semiregular RDS in G relative to a subgroup U of G: Then, up to equivalence one of the following holds:
(ii) U ¼ hyi:
Proof. We note that the subgroup generated by all involutions of G is hy; zi and every subgroup of order at least 4 contains hzi: Moreover G=hzi is abelian. Hence, if U is not normal in G; then U ¼ hyi or hyzi: As y and yz are conjugate in G; we may assume U ¼ hyi: Thus (ii) holds. If U is normal, then we have (i) by Result 2. 
Equations (10)- (13) are the same as those of (4)- (7). Thus we have the lemma.
Lemma 4.5. Let notations be as in Lemma 4.4. Then the following hold:
Substituting these into Lemma 4.4(ii) and (iii) we have (ii) and (iii) above.
One can easily verify that the converse of Lemma 4.5 is also true. ]
Conditions (ii) and (iii) in Lemma 4.5 are the same as that of Lemma 4.2. In the following lemmas we will study these equations in detail. Lemma 4.6. Let X ¼ hti be a cyclic group of order 2 2mÀ1 with m52: Let A and B be subsets of X that satisfy the following:
For each 2 2mÀ1 th root yð= AE 1Þ of unity, we define a character w of X by wðtÞ ¼ y
Proof. Let zð¼ t 2 2mÀ2 Þ be the unique involution of X: By (15) and (16),
We assume that y is a primitive 2 w th root of unity. By the assumption, 24w42m 
By a similar argument as in (19) Proof. Let Q ¼ ht; yi be the generalized quaternion group defined by t À2s is also an RDS we may assume s 2 f1; 2; 3; 4g: By Lemma 4.9, A ¼ f1; x 4 g and Bx ¼ fx 2aþ1 ; x 2bþ1 ; x 2cþ1 ; x 2dþ1 g; where ða; b; c ; dÞ is one of the members listed in Lemma 4.9. As the automorphism s 4kþ1 2 AutðGÞ with k an integer defined by s 4kþ1 ðxÞ ¼ x 4kþ1 ; s 4kþ1 ðyÞ ¼ y leaves A invariant, sðRÞ is also a semiregular RDS relative to U: Hence one can easily check that the following holds: 
